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Abstract— The Aharonov-Bohm effect had been studied
in semiconductor ring system and type II quantum dots,
different authors had considered the asymmetric effect
in the shape of the ring and the effect on Aharonov-Bohm
oscillation due to impurities in the structure. In this report is considering the effect of a magnetic field applied
on the electron energy inside in a quantum nanocup. The
energy is calculated using a vibrational procedure in the
effective mass framework. The results show the influence of the shape of a nanocup on the electron energy
and smooth oscillation in the ground state energy as a
function of the magnetic field.

The dynamic of the electron was studied by
Silva Netto et al.[12], they report that the presence of a topological defect introduces a quantum
effect similar to AB effect in a quantum ring. The
appearance of the AB oscillation in total energy for
an electron in concentric quantum double ring depends on the strength of the screened potential
[13]. The energy spectrum for an impurity in a concentric double quantum ring with an applied magnetic field show AB oscillations [14], the spectrum
is modified by the width of the barrier and ring radii. Planelles et al.[15] studied the AB electronic
spectrum in laterally coupled quantum ring, they
found a strong changes in the energy spectrum
depending on the coupling regime. Fomin et al.
[16] studied the electron energy spectrum and the
magnetization of an electron has in asymmetric
crater-like ring shape, they observed that the AB
oscillations of the magnetization survive. Dias da
Silva [17] studied the interplay between impurity
scattering and Coulomb interaction effects in the
absorption spectrum of neutral bound magnetoexcitons confined in quantum-ring structures, they
shows that, although a strong impurity scattering
kills the AB oscillations in the energy levels. Gutierrez et al. [18] studied the electronic states of a
singly ionized double donor system (D2+) confined
in a nanostructure with a ring-like geometry in a
threading magnetic field, they show that the relative position between impurities affect the Aharonov-Bohm oscillations of the far-infrared spectra
and produce a quenching of oscillations of the impurity lower energy levels. Čucaric et al.[19] studied the electronic structure of the conduction and
valence bands of a nanocup consists of a GaAs
nanodisk (the cups bottom) and a GaAs nanoring
which encircles the disk, they analyzed how the
electronic structure with the size of the structure
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1. INTRODUCTION
In the last years the Aharonov-Bohm (AB) effect
had been studied theoretical [1, 2, 3] and experimentally [4, 5, 6] in single and double quantum
ring, and type II quantum dots. Theoretical reports
[1, 2] show that the electron energy levels in a nonuniform quantum ring have a different structure
than an uniform with applied magnetic field. Bruno-Alfonso and Latgé [7] showed as the electric
field applied to quantum ring may suppress the AB
oscillations of the lower energy levels. Experimental evidence of AB oscillations in the exciton spectrum con_ned in type-II InP/GaAs quantum dots
have been reported [8].
The effect of a small magnetic field applied on
a quantum ring with few electrons is to make evident that the AB oscillations are influence by the
coulomb interaction [9, 10]. Kicheon Kang and
Sung-Chul Shin [11] shown that, for an even number of electrons in the ring with the energy level
spacing smaller than the Kondo temperature, the
persistent current has a value similar to that of a
perfect ring with the same radius and for a ring
with an odd number of electrons, the persistent
current is found to be strongly suppressed compared to that of an ideal ring.
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2. MODEL AND CALCULATIONS
In this paper is considering a quantum nanocup with an infinite confinement potential under
the action of a magnetic field applied in z direction. The different shapes of the nanocups are
showing in Fig 1 and its geometrical parameters
are showing in the Fig. 2.
Fig 1. QUANTUM NANOCUPS SHAPES CONSIDERED IN THE PRESENT
WORK

(a)

magnetic field applied in z -direction, using a symmetric gauge and reduced units, is:

where m is the quantum number corresponding to
Lz operator, γ = B/8:4, B is the magnetic field in
Tesla, Vg(ρ; z) is the geometrical confinement due
to the nanocup shape given by the h(ρ) function
. The Scrhödinger equation is solved using the
effective mass framework and its lateral dimension, parameters R1 and R2, is considered greater
than the H1 and H2 dimensions. For this situation,
and using the adiabatic approximation formalism
[2, 18], the wave function Φ(ρ; z) can be choose
as

Triangular nanocup

where f(ρ,z) is, for a fixed r:

(b)

with

Nanocup

Where nz is the quantum number in z direction.
The R(ρ) function is defined as
(c)

Disk nanocup

The nanocup has a cylindrical shape, geometrical parameter for the different cups shape are:
R1 and R2 are the inner and outer radii, respectively, H1 and H2 are minimum and the maximum
height for the structure, respectively; the quantum
dot height is given by h(ρ) function, ρ is the radial
coordinate, where H1 = h(0) and H2 = h(R1) = h(R2)
(see Fig. 2).
Fig. 2. GEOMETRICAL PARAMETERS FOR A QUANTUM NANOCUP,
Z = H(Ρ) IS A FUNCTION THAT DEFINES THE NANOCUP SHAPE.

Where G(ρ) is the solution of the next differential equation

E is the electron energy and G(R2) = 0 is the
boundary condition. The above equation is solve using the trigonometric sweep method [2]. By
mean of this method it can be write:

for

And the boundary condition G(r=R2)=0 is given

3. RESULTS AND DISCUSSION
The Schrödinger equation for one electron in
the structure, in cylindrical coordinates, with a

The results were calculated for a In0.55Al0.45As
quantum disk and quantum nanocups, this mate-
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rial has a value for the dielectric constant of 12.71
and the effective mass for electrons is 0.076. The
effective Rydberg and Borh radii are 6.4 meV and
8.86 nm, respectively.
For a quantum disk with H1 = H2 = 4 nm and R2
= 40 nm, the Ez electron energy as a ρ function,
for the first energy level (nz = 1; nρ = 0;m = 0) is
show in Fig. 3. It has a constant value because the
height of the disk is constant.

that the maximum probability to find the electron
is in the around of the center of the structure.
Fig. 4. ELECTRON ENERGY LEVELS AS A FUNCTION OF THE MAGNETIC
FIELD FOR A QUANTUM DISK WITH RADIUS R=40 NM, HEIGHT H=4 NM
AND NZ = 1.

Fig. 3. ELECTRON ENERGY, EZ AS A FUNCTION OF Ρ , FOR THE
FIRST ENERGY LEVEL, IN A QUANTUM DISK.

In Fig. 4 we observe the dependence of the
electron energy levels, for the quantum numbers
nz = 1, nρ = 0; 1 and m = 0, ±1, ±2, ±3, ±4, with
the magnetic field for a quantum disk. We note
that the magnetic field shift the electron energy
levels with the same absolute value of the m number. For positive values of m the electron energy
levels increase with the magnetic field and for m
negative the energy is decreasing with the field,
initially, and then for some value of the field is
increasing. Also it is observe that the different
levels, for some value of the magnetic field, the
electron energy levels come together for all states
with nρ = 0; 1. This behavior of the electronic levels
energy with the magnetic field can be observed
for some states showed in the figure with positive value of m, for example the states with (nρ =
0,m=2) and (nρ = 1,m=1) have the same energy
when the magnetic field is greater than 9 Tesla.
This result has been reported by other authors
for holes [20] and electrons [21] and it shows the
effect of the competition between the magnetic
confinement and geometric confinement. In Fig.
5 has been plotted the electronic density function
() for the ground state (nρ = 0,nz = 1,m = 0), given
by equation 2, for a quantum disk and an applied
magnetic field equal to zero Tesla, it is showing

Fig. 5. ELECTRONIC DENSITY FUNCTION,│Φ(ρ,z)│2, FOR THE GROUND
STATE (NΡ = 0, NZ = 1, M = 0), OF A QUANTUM DISK WITH RADIUS R=40
NM, HEIGHT H=4 NM AND B=0 T.

We show in Fig. 6 the first electron energy
level (nρ = 0,nz = 1,m = 0) as a function of the
magnetic field for all structures shown in Fig. 1,
with geometrical parameters H1 = 2 nm, H2 = 4
nm, R1 = 20 nm and R2 = 40 nm. For all structures we observe that the energy increases with
the magnetic field. The highest energy corresponds to disk nanocup and the lowest energy to
quantum disk. The disk nanocup has the smallest volume and greater confinement while the
quantum disk has larger volume and lower confinement. The behavior observed in Fig. 6 can
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be understanding to observe the Fig. 7, in this
figure is plotting the Ez(ρ) function vs ρ coordinate (equation 4, nz = 1).
Fig. 6. GROUND STATE ENERGY (nρ = 0,nz = 1,m = 0) OF AN ELECTRON AS
A FUNCTION OF THE MAGNETIC FIELD. THE GEOMETRICAL PARAMETERS
ARE H1 = 2 nm, H2 = 4 nm, R1 = 20 nm and R2 = 40 NM, FOR ALL QUANTUM NANOCUPS.

In Fig. 7 is plotted the Eρ as a ρ function,
when ρ > R2, it can be observe for all structures
that the electron has an infinity potential wall,
and when ρ ≤ R1 the electron has a finite potential barrier. In the same figure is observed
that the confinement profile is different for each
structure under consideration. In the disk nanocup structure, see Fig. 7(c), the left barrier,
when ρ ≤ R1, is the widest and the electron has
the greatest confinement than in the others
structures, so, from the figure, the Ez(ρ) energy function can be considered like an effective
potential for the electron in the xy plane, it is
observed in equation 6. Although it can be observe that the greatest and the lowest potential
confinement correspond to disk nanocup and
a triangular nanocup structures respectively.
Comparing Fig. 3 and Fig.7 it is observed that
ground state energy is greater for all nanocups
structures that for a quantum disk structure, the
nanocup structure cause a greater confinement
that a quantum disk.
In Fig. 8 it is show the electron energy as a
function of the magnetic field for three nanocups
structures, see Fig. 1. For Figures 8(a), 8(b) and
8(c) it can be observe the electron energy level
for some values of the numbers m, m = 0;-1;-2;3;-4, and nρ = 0. For all this figures is observe
how the energy levels present a crossing with
the magnetic field, this is a similar behavior to
found in quantum ring (Aharonov-Bohm effect).
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For each structure the crossing in the energy levels can be attributed to geometric confinement,
this confinement cause an effective potential
confinement for the electron, showed in Fig. 7,
so this potential confined the electron in a shape
ring potential region. Also it is observe that the
minimum energy value, for each state, is increasing with the magnetic field. In the same figure,
for each level is, initially, is observed a decrease
of the energy when the magnetic _eld is increasing until reach a minimum and later the energy
is increasing with the field, this behavior for each
level is due the competition between diamagnetic
and paramagnetic energy of the electron with the
field. Comparing the figures 8(a), 8(b) and 8(c) is
observe once again that disk nanocup has the
greater confinement and the triangular nanocup
has the smaller confinement, this situation was
showed above in figure 6.
In _gure 9 is show the normalized radial probability for the electron, │R(ρ)│2, in its ground state,
nz = 1; n_ = 0;m = 0, for all structures that have
been studied in this work, and different values of
the magnetic field. For a triangular nanocup, Fig.
9(a), is observed that there is a high probability to
found the electron for the region with ρ < 20 nm,
and this probability is increasing when the magnetic field is increasing, note the shift to left in
the maximum value of │R(ρ)│2 due the magnetic
field; the value of ρ < 20 nm correspond to the
left barrier in the effective potential for the structure, see Fig. 7(a), and the electron has a greater
probability to be found in this region that in the
other structures. In Fig. 9(c) is observed the normalized radial probability for the electron in a disk
nanocup structure, it can be observed that the
magnetic field has a small effect for the electron
in this structure, for this structure the geometrical
confinement is greater that in the triangular nanocup and nanocup structures, figures 9(a) and
9(b) repsectivily.
So the electron in a disk nanocup structure
has the lowest probability to be found in the region for ρ < 20 nm due that the effective potential
con_nement for this structure is the greater that
in the others structures, see Fig. 7. For a nanocup structure the probability to found the electron
for ρ < 20 nm, see Fig. 9(b), is smaller than in a
triangular nanocup but is greater that in a disk
nanocup.
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Fig. 7. EZ ELECTRON ENERGY AS A FUNCTION OF ρ FOR THE GROUND STATE
(NAVY COLOR LINE) AND DIFFERENT QUANTUM NANOCUPS WITH GEOMETRICAL PARAMETERS H1 = 2 nm, H2 = 4 nm, R1 = 20 nm and R2 = 40 nm.

(b) Nanocup

(a) Triangular nanocup

(c)Disk nanocup
Fig. 9. NORMALIZED RADIAL PROBABILITY, │R(ρ)│2, FOR THE GROUND
STATE (nρ = 0,M = 0), FOR A NANOCUP FOR DIFFERENT VALUES OF THE
MAGNETIC FIELD AND GEOMETRICAL PARAMETERS H1 = 2 nm, H2 = 4 nm,
R1 = 20 nm AND R2 = 40 nm.

(b) Nanocup

(a) Radial function for a triangular nanocup

(c)Disk nanocup
Fig. 8. ELECTRON ENERGY AS A FUNCTION OF THE APPLIED MAGNETIC
FIELD FOR DIFFERENT NANOCUPS WITH nz = 1 AND GEOMETRICAL PARAMETERS H1 = 2 nm, H2 = 4 nm, R1 = 20 nm AND R2 = 40 nm.

(b) Radial function for a nanocup

(a) Triangular nanocup

(c)Radial function for a disk nanocup
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4. CONCLUSIONS
In this report it is showed the dependence of
the electron energy with the magnetic field for
disk nanocup, triangular nanocup and nanocup
structures, when a single electron is confinement. For all structures the energies for all different levels for an electron have a crossing with
the field. The geometric shape of the structure
produce an effective potential confinement for
the electron and this cause the crossing between
different levels. The confinement due to nanocups shape produce a similar behavior to the observed for one electron in quantum ring when a
magnetic field is applied (Aharonov-Bohm effect).
When a magnetic field is applied a quantum disk
the Aharonov-Bohm effect is not observed but
when the structure has a slight depression, like
in a nanocups structures, this effect is present
when the field is applied. For the structures is
observe a high competition between magnetic
confinement and geometrical confinement, while
in triangular nanocup the magnetic confinement
is higher that geometrical confinement, in a disk
nanocup the geometrical confinement is greater
that the geometrical confinement.
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